In this paper, a numerical method for solving a general optimal control of systems is presented. These systems governed by stochastic Volterra integral equations. This method is based on block pulse functions. By using the properties of block pulse functions and associated operational matrices, optimal control problem is converted to an optimization problem and will be solved via mathematical programming techniques. The error estimations and associated theorems have been provided. Finally, some numerical examples are presented to show the validity and efficiency of the proposed method.
Introduction
The theory of optimal control for stochastic differential equations is a mathematical challenging and it has been considered in many fields such as economics, engineering, biology and finance [1] - [7] . The stochastic optimal control problem has been studied in textbooks [8] , [9] . In deterministic setting, there are many text books for analytic solutions of optimal control problems such as [8] - [15] . Also, numerical methods for these problems have been provided in [16] - [22] .
Stochastic optimal control problems are studied by many researchers [8] , [9] , [23] . Every system of controlled stochastic differential equations can be usually written by a system of controlled stochastic Volterra integral equations. Øksendal and Zhang have presented a maximum principle for optimal control of general stochastic Volterra equations [24] . However there are few literature to demonstrate some analytical research on the necessary conditions on the existence solution optimal control of stochastic Volterra integral equations [25] - [28] .
Except in a limited number of stochastic optimal control problems, most of them do not have an explicit solution. The reason is that they are often dependent on a noise source. Therefore, there have been many attempts to develop new methods for obtaining numerical solutions which reasonably approximate the exact solutions.
The Markov chain approximation method for the solution of quite general stochastic control problems was employed by Kushner [29] . Munk discussed about the applicability of the approach to financial control problems and alternative approaches by using the Kushner's method [30] , [31] . Chavanasporn and Ewald introduced a numerical method to solve stochastic optimal control problems, which are linear in the control [32] . The aim of this research is to develop a numerical method based on block pulse functions (BPFs) to solve the general optimal control of stochastic Volterra integral equations. One of the standard tools in numerical analysis is approximating a function as a linear combination of a set of orthogonal basis functions. Maleknejad et al. investigated numerical solution of stochastic Volterra integral equations using block pulse functions and their stochastic operational matrix of integration [33] . These matrices are applied to reduce a controlled stochastic integral equation in a system of algebraic equations by expanding the state vector process X(t) and control vector process u(t) as BPFs.
The optimal control problem of stochastic integral equations is introduced in section 2. In section 3, the BPFs, their properties and error estimates theorems are briefly presented. Section 4 is devoted to the solution of optimal control problem of stochastic Volterra integral equations by using the operational matrices of BPFs. Section 5 will present some numerical examples illustrating the efficiency and accuracy of the proposed method. Finally, section 6 gives some brief conclusion.
Preliminaries and formulation
Let (Ω, ℱ, ℱ t , P) be a filtrated probability space and B(t), t ≥ 0 is a ℱ t −measurable real valued Brownian motion. Consider the dynamic optimization problem in which the behavior of dynamic system x(t) at time t is governed by the following controlled stochastic Volterra equation: where u(t) is our control process. Let U be a closed, convex subset of ℝ, which will be the space of admissible controls.
The goal of the problem is to find u(t), and then the performance functional of the following form:
is minimized by u(t), where b, σ: ℝ × U → ℝ and f: ℝ × U → ℝ are ℱ t -predictable and g: ℝ → ℝ is ℱ T -measurable. Now, we intend to approximate the stochastic Volterra control problem via block pulse basis functions.
Block-pulse functions (BPFs)
The block pulse functions from a complete set of orthogonal functions which defined on the interval [0, T) by 
Properties of BPFs
Here we review some elementary properties of BPFs [34] , [35] . For each i, j = 1,2, … , m, we have:
Disjointness:
Orthogonality:
where δ ij is Kronecker delta.
Completeness:
For every f ∈ ℒ 2 [0,1) when m tend to the infinity, Parseval's identity holds:
where
The operational matrices of the BPFs
The operational matrices of integration P B , stochastic integration P BS and product F B respectively are given by the following and details of obtaining these matrices can be found in [33] , [36] , [37] 
where B(s) is a Brownian motion process, 
and
Function approximation
A function f(t) defined over the interval [0,1) may be expanded with respect to ϕ i (t), i = 1,2, … , m as follows:
where F = (f 1 , f 2 , . . . , f m ) T and f i are defined by (7).
Theorem 3.1. [37] Suppose that f(t) is an arbitrary real bounded function, which is square integrable in the interval [0,1), and e(t) = f(t) − f m (t), t ∈ [0,1), which f m (t) = m i=1 f i ϕ i (t) is the block pulse series of f(t). Then, Similarly, a two dimensional function k(t, s) ∈ ℒ 2 ([0,1) × [0,1)) can be expand into BPFs by
k ij ϕ i t ϕ j s = Φ m T t KΦ m s , (19) where K = (k ij ), i, j = 1,2, . . . , m is the m × m block pulse coefficient matrix with 
where F n = f 1 n , f 2 n , . . . , f m n T .
Lemma 3.4. For each function h(x(t), u(t)) ∈ ℝ, such that
h ij x i t u j t , (22) can be expand into BPFs as following form: h x t , u t ≃ Ψ X, U Φ m t , (23) where X and U are block pulse coefficients vectors of x(t) and u(t), respectively.
Proof: By the properties of BPFs and Lemma 3.3, we can obtain
Remark 3.5. When function h(x(t), u(t)) is strongly nonlinear, we can use bivariable Taylor series expansion of this function with respect to x(t) and u(t). Then above method can be applied easily by using operational matrices of integration and product.
Solving stochastic optimal control of Volterra integral equation using BPFs
Consider the following controlled stochastic Volterra integral equation: The aim of this section is to find the block pulse function coefficient of x u (t) and an admissible control function u(t) which minimizes the optimality criterion (2).
We expand x(t) and u(t) in terms of BPFs as:
The expansion of x 0 (t) in terms of BPFs is shown as follows:
x 0 ≃ X 0 T Φ m t . (27) According the Lemma 3.4 and Remark 3.5 we substitute (26) and (27) 
Eq. (28), can be written as the following equation:
where Ψ(X, U) ∈ ℝ m . We can obtain a new equation Ψ(X, U) = 0 because the block pulse functions ϕ i t , i = 1, . . . , m, t ∈ 0,1 are linearly independent.
Monte Carlo sampling and sample average approximation (SAA) method
Monte Carlo simulation is a common method to reduce the scenario set which is based on random sampling. Higham used a Monte Carlo approach which is based on random variable are simulated with a random number generator and expected values are approximated by computed averages [38] .We want to solve the problem without consideration of expected value with N discretized Brownian paths, so intend to estimate expected value with respect to underlying Brownian paths. Therefore, for each sample paths of Brownian motion, we have:
Now, the expectation function (2) is approximated by the sample average
For notational simplicity, we use J(X, U) instead of J i (X, U). The problem minimizes the optimality criterion (30) to find X and U with constraints set Ψ T (X, U) = 0.
Consider the following problem:
: Minimize J(X, U)
The necessary optimality conditions can be stated as follows. If (X, U) is an optimal solution P, under a suitable constraint, there exist a vector λ = λ 1 , λ 2 , . . . , λ m T such that:
where λ is Lagrange multiplier associated with the constraint Ψ(X, U) = 0.Then, we have
∂J ∂λ i X, U, λ = 0, for i = 1,2, . . . , m.
Special Case
In this section, we assume that the state of the system is generated by a linear noisy system The action space considered by the controller is assumed to be the set of linear feedback actions. This means that the optimal control strategy is a function of the time and the current state. The set of this linear feedback actions also provides an optimal solution for the stochastic control problem (35) , (36) .
Theorem 4.1.[39]
Assume that the Riccati differential equation
has a solution on 0, T , where S = R −1 B 2 .Then the control u lfb (t) = −R −1 Bk(t)X(t) is optimal for the stochastic control problem (38) subject to the system (35), where Γ lfb = u t u t = F t x t , (39) and F(. ) is a piecewise continuous function.
Numerical examples
To demonstrate the applications of the both presented methods, open loop and linear feedback control, we consider the following examples. 
where 1 = (1,1, . . . ,1) m×1
T . Also, we obtain:
Linear Feedback Control
By using Theorem 4.1, the linear feedback optimal control is By terms of approximating k(t) respect to the BPFs and substituting the obtained formed into (40) and (41), the numerical results are shown in Tables 1 and 2 . The graphs of approximate solutions computed by the both presented methods are given in Fig.1 .
Fig 1.
Graphs of approximate solutions for Example 5.1. 
dx t = u t dt + dB t , x 0 = 1.
The numerical results for the both presented methods are shown in Tables 3 and 4 . The graphs of approximate solutions computed in Fig. 2 . 
Conclusion
In this paper a numerical method, which is based on block pulse functions, is developed to calculate both open loop and feedback optimal controls of stochastic Volterra integral equations. There is no analytical solution for forgoing stochastic optimal control problems. In this paper the numerical method for solving general case of these problems was proposed. For future work this method can be solve by other orthogonal functions or polynomials, such as Hybrid functions, Chebyshev polynomials and Spline polynomials.
